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The analytically invariant subspace concept [ 131 characterizes, in 
spectral-decomposition-theoretic terms, the coinduced operators [ 13, 
Theorem 1; 7, Theorem lo], the adjoint operators [ 7, Corollary 111, analytic 
operator-valued functions [ 9, Theorem 2.20, Corollary 2.2 I, Proposition 
2.22, Theorem 2.231 and a class of weakly decomposable operators known 
as anlytically decomposable operators [ 141. A unifying theme in this theory 
is the concept of analytically invariant spectral resolvent. 
Throughout this paper, T denotes a bounded linear operator acting (and 
having the range) on an abstract Banach space X over the complex field 6. 
For a set S, S is the closure and SC is the complement. _C stands for the 
family of all open sets in C. Write a(T) for the spectrum, p(T) for the 
resolvent set and R(-; 7) for the resolvent operator. If T has the single-valued 
extension property (abbreviated by SVEP), then for every x E X, we denote 
by (Jo the local spectrum, p,(x) the local resolvent set, x(.) the local 
resolvent and if S is any subset of C, we shall extensively use the spectral 
manifold [6] 
X,(S) = (x E x: a,(x) c S}. 
We write Inv T for the lattice of the invariant subspaces under T. For 
YE Inv T, T 1 Y is the restriction of T to Y and T/Y denotes the coinduced 
operator on the quotient space X/Y. In particular, we use the notation 
p = T/m, G E _C, and for Y(IX,(G)) E Inv T we write Y = Y/X,(G). 
Furthermore, x is a vector on X/X,(G), and we write f for an X/X,(G)- 
valued function. 
By an admissible contour r we mean a positively oriented finite system of 
disjoint closed rectifiable Jordan arcs. 
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We recall the primary concepts involved in this study with some pertinent 
properties. 
Assuming that T has the SVEP, 2 E p(T) iff d - T is surjective [ 11, 
Theorem 2 ], 
A listing of increasingly specialized classes of invariant subspaces with 
some relevant properties now follows: 
YE Inv T is a v-space for T if a(T ( Y) c a(T) [S]. Y is a v-space for T iff 
YE Inv R(1; 7’) for all A E a(7) [ 16, Theorem 41. 
Assuming that T has the SVEP, YE Inv T is a p-space for T if 
UT, Y(Y) = Or(Y) for all y E Y [S, Definition 3.21, 
or, equivalently, if 
iv@>: J% E PAY)1 c y for all y E Y [ 5, Lemma 3.41. 
YE Inv T is said to be analytically invariant under T if for any function 
f: D +X, analytic on an open D c C, 
(A - T)f@) E y on D implies f@) E y on D 1131. 
YE Inv T is analytically invariant under T iff the coinduced operator T/Y 
has the SVEP [ 13, Theorem I]. If Y and Z are analytically invariant under T 
then Y n Z is analytically invariant under both T 1 Y and T 1 Z. If T has the 
SVEP, then every analytically invariant subspace under T is a p-space for T 
[ 9, Proposition 2.91. 
YE Inv T is called a spectral maximal space of T if for any Z E Inv T, the 
inclusion o(T ] Z) c a(T ] Y) implies Z c Y [ 121. 
If T has the SVEP, then every spectral maximal space of T is analytically 
invariant under T [ 13, Theorem 21. Assuming that T is a decomposable 
operator, in the sense of Foias [ 121, for every closed F c C, X,(F) is a 
spectral maximal space of T and a[ T 1 X,(F)] c F [ 12, Theorem 2.3 ]. Also, 
if T is decomposable, then for every G E _G,X,(G) is analytically invariant 
under T [ 13, Theorem 31 and X,(G) c X,(G). 
Next, we give a formal definition of the spectral decomposition problem. 
A spectral decomposition of X by T is a finite system {(Gi, Y,)) c 
G x Inv T, with the following properties: 
(i) u(T) c Ui Gi; 
(ii) X= CiYj; 
(iii) u(T ] YJ c Gi for all i. 
T has the spectral decomposition property (abbrev. SDP) if for every finite 
open cover {Gi} of u(T), there is a system { Yi} c Inv T, such that ( (Gi, Y,)) 
is a spectral decomposition of X by T [8]. 
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What makes the operators with the SDP important is the fact that they are 
decomposable [2, 151. 
A mapping E: G + Inv T is called a spectral resolvent of T if 
(0 E(0) = lo}; 
(ii) for every finite open cover {Gi} of o(T), ( (Gi, E(G,))) is a spectral 
decomposition of X by T [7]. 
If T has a spectral resolvent then T is decomposable [ 17, Theorem 111. If 
E is a spectral resolvent of T then for every G E G, E(G) c X,(G). 
Now we are in a position to introduce the main concept of this paper. 
1. DEFINITION. A spectral resolvent E is called analytically invariant 
under T if for any G E G, E(G) is an analytically invariant subspace under 
T. 
2. THEOREM. A spectral resolvent E is analytically invariant ijjffor every 
pair G,, G, E _G we have 
a[TIE(G,)nE(G,)]cG,nG,. (1) 
Proof. First, assume that E is an analytically invariant spectral 
resolvent. Then for G, , G, E G, E(G,) n E(G,) is analytically invariant 
under both T) E(G,) and T 1 E(G,). Consequently, we have 
Conversely, assume that for any pair G,, G, E G, (1) holds. Let f : D +X 
be analytic on an open D c C, such that for any given G E G, 
g(A) = (A - T> f(k) E E(G) for all 1 E D. 
We may assume that D is connected. If D n G’ # 0 then 
Dnp[TIE(G)]#QI and there is an open vcDnc?cp[TIE(G)]. The 
function h: V+ X, defined by 
h(k) = [A - T 1 E(G) ] ’ g(I) E E(G), 
is analytic on V and verifies the identity 
(A - T) h(I) = g(L) = (A - T)f(k) on V. 
By the SVEP of T, f(1) = h(L) E E(G) on V and f(n) EE(G) on D, by 
analytic continuation. 
Next, assume that D c G and put G, = G. Let G, E G be such that 
a(T) c G, u G, and D - G, # 0. 
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We have the spectral decomposition 
X = E(G,) + E(G,), u[Tl E(Gi)] C Gi, i= 1,2. 
Let A E D - Gz. There is a neighborhood Vc ez of A and there are 
functions fi : I’--+ E(G,), i = 1,2, analytic on V such that 
f(A) = f,(L) + f,(A) on V. 
Then 
g(l) = (A - T)f@) = (A- r)f,W) + (A - T)f,@) E E(GJ 
and the function h: V-+E(G,)nE(G,) defined by 
h(A) = g(n) - (A - TV,(~) = (A - nM~> 
is analytic on I’. In view of (l), V c p[ T 1 E(G,) n E(G,)] and the function 
k: V+ E(G,) n E(G,) defined by 
k(A) = [A - T ( E(G,) fI E(G,)] ‘h(A) E E(G,) n E(G,) 
is analytic on V. We have 
(A- r) k(l) = 41) = (A- r> fG> 
and the SVEP of T implies 
f,(n) = k(l) E E(G,) n E(G,) = E(G,) on V. 
Thus, f(A) E E(G,) on V and hence f(A) E E(G,) = E(G) on D, by analytic 
continuation. I 
3. LEMMA. The following assertions are equivalent: 
(i) for every G E _G, X,(G) c E(G); 
(ii) G,, G, E G, c, c G, and x E E(G,) imply (x(A): 2 E p,(x)) c 
E(G,). 
ProoJ: (i) => (ii): Given G, , G, E G with G, c G,, the hypothesis on E 
implies 
E(G,) cX,@,) = X,(G,> c E(G,)- (2) 
Let x E E(G,) be given. Then x E X,(G,) and since X,(G,) is a spectral 
maximal space of T, (2) implies 
{x(l): 2 E PAx>I = W’%) = E(G,). 
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(ii) > (i): Let G be any open set and let x E X,(G). Choose an open set 
G, such that 
ur(x) c G, c G, c G. 
To avoid repetitions, we divide the remainder of the proof in two parts. 
Part A: Let G, be an open set satisfying conditions 
u&) n G, = 0, u(T) c G, u G,. 
Then x has a representation 
x =x, + x* with xi E E(G,), i = 1, 2. 
For the local spectra of x, x1 and x2, the following inclusions hold: 
Gl> = 44 u G n G), Cam c G, n C, . 
Let r be an admissible contour in p,(x) n (G, n G2)C, surrounding u,(x) 
and leaving G, n G2 outside. Then 
Part B: Since x1 E E(G,) and G, c G, (ii) implies 
{x1(A): A E/+(x)1 = E(G). 
Then, by (3), x E E(G) and hence X,(G) cE(G). E(G) being closed, 
property (i) holds. 1 
Property (i) endows the spectral resolvent E with a strong monotonic 
property [ 10, Theorem 141. 
4. LEMMA. Let T have the SDP. If G c C is open and Y is a p-space of 
T such that 
X,(G) c Y = X&l, (4) 
then Y is analytically invariant under T. 
Proof: Let G c C be open and Y be a ,u-space for T verifying (4). With 
the notations indicated in the preliminary part of the paper, first we show 
that 
u(~lYY)cG-G. (5) 
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Let A0 E G be given. Denote G, = G and choose G, E G such that A0 E @* 
and o(T) c G, U G,. By the SDP of T, 
X=X$,) +X,(GJ 
and hence every x E Y has a representation 
x=x1+x, with xi E X,(G,), i = 1, 2. 
By (4), x2 = x - x1 E Y. Y being a p-space, we have 
{x,(l): fi E P&2)1 = y. 
Since T is decomposable and X,(G,) is a spectral maximal space of T, we 
have 
(JAxJcuITIXAGZ)I -lTIX,(~,)l~~,. 
Consequently, 1, E e1 c p,(xJ and then 
(4, - T> MJ = x2 
implies 
(A, - Tq x2(&) = x2 = x. 
This proves that (A, - p) 1 Y is surjective. 
Furthermore, X,(G) being analytically invariant under T, p has the 
SVEP. Thus, A, E p(p 1 Y) and since A0 is arbitrary in G, we have 
CJ(~ 1 Y) c G’. (6) 
On the other hand, the inclusions 
u(TI Y)cu[TIX,@)] cG 
imply 
u(~IY)cu(TI u>uu[TlX,(G)]d. (7) 
Thus, (6) and (7) prove property (5). 
Now we are in a position to prove that Y is analytically invariant under T. 
Let f: D -+X be analytic on an open D c C and verify condition 
h(A) = (A - T) f(A) E Y on D. 
On the quotient space X/X,(G), we have 
h(l) = (I - p) f(A) E Y. 
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In view of (5), for A E D - (G-- G), we have 
(A - r”)[f(A) - (/I - 7= / Y)-‘h(A)] = 0 
and since p has the SVEP, 
f(A) = (A- p / Y)-‘h(A) E Y on D-(G-G). 
By analytic continuation, f(k) E Y on D and hence f(n) E Y on D. 1 
5. THEOREM. If for an open G c C, E(G) is a p-space for T, then E(G) 
is analytically invariant under T. 
Proof. First we show that if E(G) is a p-space for T, then 
X,(G) = E(G). (8) 
Let x E X,(G) be given. Follow Part A from the proof of Lemma 3 and 
obtain (3). Since x, E E(G,) and E(G,) is a p-space for T, we have 
{xl@>: 2 E &)I c E(G,). 
By (3), x E E(G,) = E(G) and hence X,(G) c E(G). This implies (8). 
Now, by Lemma 4, E(G) is analytically invariant under T. 1 
6. COROLLARY. If the range of a spectral resolvent E is in the lattice of 
,a-spaces then E is analytically invariant under T. 
7. DEFINITION. Let E be a spectral resolvent of T. If for open sets 
G, G,,..., G, (n > l), Gc uy=, Gi implies 
E(G) = 5 [E(G) n E(G,)J, 
i -- 1 
(9) 
then we say that E is a strong spectral resolvent of T. 
A strong spectral resolvent appears as a special case of an almost 
localized spectral resolvent [ 10, Definition 151. Consequently, the properties 
of the latter hold for the former concept and this will give rise to a further 
characterization of the analytically invariant spectral resolvents. 
A spectral resolvent E is said to be almost localized if for G, G, , G, E G, 
cc G, v G, implies E(G) cE(GJ +E(G,). 
By induction, this defining property of an almost localized spectral 
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resolvent can be extended to any finite system {G, G, ,..., G,} c _C in the 
sense that 
cc (j Gi implies E(G) c i E(G,). 
i=l i=l 
(10) 
Indeed, suppose that the implication (10) holds for a system 
{G, G, >..., G,_,} c_G (n > 3), and let cc Uy=, Gi. There is an open set H 
such that 
n-1 
i?c u Gi and GCHVG,CHVG,C i, Go. 
ikl i= 1 
By the hypothesis of the induction, E(H) c Cy:: E(G,). Furthermore, 
G c H U G, implies E(G) c E(H) + E(G,) and implication (10) follows. 
An almost localized spectral resolvent has the following characterization 
[lo, Theorem 171. 
A spectral resolvent is almost localized iff for every G E G, 
X,(G) = E(G), 
Now, since (9) implies E(G) c C;= I E(Gi), every strong spectral resolvent 
is almost localized. 
8. THEOREM. Every strong spectral resolvent of T is analytically 
invariant under T. 
Proof: In view of Corollary 6 it suffices to show that for every open G, 
E(G) is a p-space for T. This amounts to showing that for every x E E(G), 
x(n) E E(G) for all L E p,(x). 
Let x E E(G). For A, E pT(x), there is r > 0 such that 
S(/Z,,r)= (AEC:/A-& <r}cp,(x). 
If &Ee, then &E~[TIE(G)] and S(&,r)cp[TIE(G)] for r>O 
sufficiently small. Hence 
x(A) = R [A; T 1 E(G)]x E E(G) on S(&, r). 
If il, E G, then for every r > 0, x(n) E E(G) on S(&, r) n G’ and 
x(1) E E(G) on S(&, r) by analytic continuation. 
Thus, we may assume that A, E G. Then for r > 0 sufficiently small, 
S(&, r) c G. Put 
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G, = (A: Irn A > Im A,, -r/6} - S(&, r/2), 
G, = {A: Im II < Im A, + r/6) - S(&, r/2), 
G, = S(&, +r). 
Then (G,, G,, G3} covers G and by the hypothesis on E, we have 
E(G) = i [E(G) f? E(G,)]. 
i=l 
Consequently, there is a representation 
x=-xl +x,+x, with xi E E(G) n E(G,), i = 1, 2, 3. 
By construction, 
S(ao, r/3) ~PITI E(G)nE(Gi>I, i= 1,2. 
Thus for A E S(A,, r/3), we obtain 
(A - r)[x(L) -R(k Tl E(G)nE(G,))x, -RCA; TI E(G)nE(G,))x,l 
=x-x, -x*=x3. 
Consequently, 
x,(L) =x(A) - R(l; TI E(G) n E(G,))x, - R(I1; T I E(G) n E(G,))x, 
is the local resolvent of xj. 
Since E is a strong spectral resolvent, 
X,(G) = E(G). 
Furthermore, we have 
c, = S(A,, 2r/3) c S(&, r) c G 
and 
x3 E E(G) n E(G,) c E(G,). 
Then, by Lemma 3, 
x,(a) E E(G) for all 1 E s(&, r/3). 
Consequently, for 1 E ,S(&, r/3), we obtain 
x(A) = R [A; TI E(G) n E(G,)]x, + R [A; T I E(G) n E(G,)]x, + x,(A) 
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and hence x(1) E E(G) n E(G,) + E(G) n E(G,) + E(G). Thus, in each case 
x(1,) E E(G) and hence E(G) is a p-space for T. By Corollary 6, E is 
analytically invariant under T. I 
There is a link between the strong spectral resolvent and the strongly 
decomposable operator concepts. By definition [3, Definition 1.1; 4, 
Definition 1.31, T is strongly decomposable if for every finite open cover 
(Gi} of o(T), there is a system ( Yi} of spectral maximal spaces such that 
a(T) Yi) c Gi for all i, and for any spectral maximal space Y of T, 
Y=x (Yn Yi). 
1 
In [ 1 ] an example of a decomposable operator is given which is not 
strongly decomposable. 
A characterization of strongly decomposable operators is given in the 
following terms [3, Theorem 1.7; 4, Theorem 3.71: 
T is strongly decomposable iff for any spectral maximal space Y of 
T, T ] Y is decomposable. 
Our next result generalizes this property of strongly decomposable 
operators. 
9. THEOREM. If E is a strong spectral resolvent of T, then for every 
GEE TIE(G) is a decomposable operator. 
ProoJ Let {G,, G2} be an open cover of a[Tl E(G)]. If Gd G, u G, 
then choose G, E G such that 
cc () Gi and a[TIE(G)]nG,=0. 
i=O 
Then 
E(G) = 2 [E(G) n E(G,)]. 
i=O 
Since, by Theorem 8, E is analytically invariant, we have 
u[TIE(G)nE(Gi)]ckGicGi, i= 1,2, (11) 
and 
UITl E(G)nE(Go)I c~[T~E(G)]~~[T~E(G,)]~~(T~E(G)]~-J~,=~. 
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Thus, E(G) n E(G,) = (0) and hence 
E(G) = f [E(G) n E(G,)]. 
i=l 
This, together with (1 l), makes T 1 E(G) a decomposable operator. m 
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